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ABSTRACT. We consider the following question. Let X be a compact metric space, and let (fn : X — 2X)$L°:1

be a sequence of upper semi-continuous set-valued functions whose graphs converge to the graph of a

function f : X — 2% in the hyperspace 2X XX . Under what additional assumptions does it follow that the

oo

corresponding sequence of inverse limits (1<£n fn)52 4

converges to 1(&11 f in the hyperspace 2[1i=1 X?
We give two nonequivalent conditions which generalize previous answers given by Bani¢, Crepnjak,

Merhar, and Milutinovié¢ in 2010 and 2011.

INTRODUCTION

We will examine the question below which Bani¢, Crepnjak, Merhar, and Milutinovié¢ considered in [1, 2].
The following notation will enable the question to be stated more succinctly.

Let X, be a compact metric space, and let 2 represent the product space [[;~; X. Given an upper
semi-continuous function f : X — 2% and a sequence (f,, : X — 2%)>_; of upper semi-continuous functions,
let K =limf and K, = limf, for each n € N. Additionally, let I(f) ={(z,y) e X x X 1y € f(x)}, and

likewise for each function f,,.

Question. If lim, I'(f,) = I'(f) in the hyperspace 2% ** under what additional assumptions does it follow

that lim, K, = K in the hyperspace 2% ?

Banic, Crepnjak, Merhar, and Milutinovi¢ gave a partial answer in [2, Theorem 3.3], stating that the
statement lim,, K,, = K holds so long as f is continuous and single-valued (i.e. f: X — X), and m(K) C
liminf,, m (K,). We demonstrate that the condition that f be continuous and single-valued may be relaxed

in two ways yielding the following theorems.

Theorem 1. Let X be a compact metric space and f : X — 2% be upper semi-continuous. For each
n €N, let f, : X — 2% be an upper semi-continuous function such that lim, I'(f,) = T(f) in 2X*X. If

71 (K) C liminf, m (K,,) and K has the weak compact full projection property, then lim, K, = K in 2% .

Theorem 2. Let X be a compact metric space and f : X — 2X be continuous. For each n € N, let
fn: X — 2% be upper semi-continuous. If w1 (K) C liminf, 71 (K,,), and there exists a set A C X such that
(1) A is dense in X,
(2) for each a € A, AN f(a) is dense in f(a),
(3) AC F(A), and
(4) for each a € A, lim,, f,,(a) = f(a) in 2%,
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then lim,, K,, = K in 2% .

Theorem 1 is proven in Section 2, and Theorem 2 in Section 3. Additionally, it will be shown that both of
these theorems are generalizations of the result of Banic et al. In Section 4, Theorems 1 and 2 are generalized
further to be applicable to non-constant inverse sequences.

Finally, a few examples are given in Section 5.

1. PRELIMINARIES

If X is a compact metric space, we denote by 2% the set of all non-empty compact subsets of X. This
space, 2%, is referred to as the hyperspace of X. If X and Y are compact metric spaces and = € X, a function
f: X — 2V is said to be upper semi-continuous at x if for every open set V C Y containing f(z), there
exists an open set U C X containing x such that f(¢) CV for all ¢ € U. The function f is said to be upper
semi-continuous if it is upper semi-continuous at each point of X. The graph of a function f : X — 2V,
denoted T'(f), is the subset of X x Y consisting of all points (z,y) such that y € f(z). In [6], it was shown
that if X and Y are compact metric spaces, a function f : X — 2Y is upper semi-continuous if and only if
I'(f) is compact.

Suppose X = (X;);en is a sequence of compact metric spaces, and f = (f;);en is a sequence of upper
semi-continuous functions such that for each i € N, f; : X;11 — 2%i. Then the pair {X,f} is called an

inverse sequence, and the inverse limit of that inverse sequence, denoted T&lf , is the set
o0
limf = {x € [[ X : @ € fi(wir1) for all i € N},
i=1

(In this paper, sequences—both finite and infinite-will be written in bold, and their terms will be written in
italics.) The spaces, X;, are called the factor spaces of the inverse sequence; and the upper semi-continuous
functions, f;, are called the bonding functions of the inverse sequence. Given any compact metric space X
and an upper semi-continuous function f : X — 2% there is a naturally induced inverse sequence {X,f}
where for each i € N, X; = X and f; = f.

If X is a sequence of compact metric spaces and j € N, the projection maps

0o 00 7
U HXi — Xj and T1,4] - HXZ — HXz
=1 =1 =1

are defined by 7;(x) = x;, and 71 j)(x) = (21,...,2;). If {X,f} is an inverse sequence, then we will typically
consider these maps to have l'glf as their domain rather than writing 7rj|1-£lf Or 7[1 4] |1£1f
If {X,f} is an inverse sequence we will suppose that the metric on each factor space is bounded by 1 and

define a metric D on the inverse limit by
o Ao (T, yn)
D(x,y) = Z T on
n=1

Central to this paper, is the notion of convergence of a sequence of closed sets. This convergence is viewed

with respect to a metric on the hyperspace. We define this metric here.
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Definition 1.1. Suppose X is a compact metric space with metric d. If A C X is closed, and € > 0, then
N(Aje) ={x € X : d(z,a) < € for some a € A}.
The Hausdorff metric Hq on 2% is defined by
Hqa(A,B) =inf{e >0: A C N(B,e), and B C N(4,¢)}.
Given a sequence (A,)52 of closed subsets of X, we define the limit of the sequence, lim,, 4,, to be the
limit with respect to the metric Hy.

There is another equivalent way to view limits of sequences of closed sets.

Definition 1.2. Suppose X is a compact metric space, and (A4,,)52 is a sequence of closed subsets of X.

Then
limsupA4, = {z€ X: foralle>0,B(z,e)N A, #0 for infinitely many n € N}, and
n
liminf A4, = {z€X: foralle>0,B(z,e)N A, # 0 for all but finitely many n € N}

(where B(x,€) represents the ball of radius €, centered at ).
A proof of the following theorem can be found in [8, p.57].

Theorem 1.3. Let X be a compact metric space, and let (A,)S2, be a sequence of closed subsets of X.

Then lim,, A, = A if and only if A =liminf, A, = limsup,, A,.

A continuum is a non-empty, compact, connected metric space. A continuum which is a subset of another
continuum X is called a subcontinuum of X. The following theorem concerns sequences of continua. A proof

may be found in [8, p.61].

Theorem 1.4. Let X be a compact metric space, and let (A,,)22 1 be a convergent sequence of closed subsets

of X. If for each n € N, A, is a continuum, then lim, A,, is a continuum.

Before we begin Section 2, we make a few additional observations and solidify some notation and termi-

nology which will be utilized throughout the rest of this paper.

Notation. Given a compact metric space X, a sequence of closed subsets of X, (X,,)%, an upper semi-

o0

continuous function f : X — 2%, and a sequence of upper semi-continuous functions (f, : X,, — 2%X»)%

let 27 =1[2, X, K =limf, and for each n € N, K, = lim fi,.

An upper semi-continuous function f : X — 2Y is called surjective if for every y € Y, there exists € X
such that y € f(x). Given two upper semi continuous functions f : X — 2Y and g : Y — 2%, their

composition g o f is defined to be

gof(x)=4{z€Z:z€g(y) for some y € f(z)}.

Given a single upper semi-continuous function f : X — 2%, f2? is defined to be f o f, and for n > 3, f" is

defined to be fo fn1.
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Remark 1.5. Let X be a compact metric space and f : X — 2% be upper semi-continuous. If ¥ =

Mo, f(X), and g : Y — 2Y is defined by g = fly, then im f = lim g.

Thus, when looking at inverse limits, it is natural to suppose that the bonding functions are surjective.

In light of this, we rephrase the statement of [2, Theorem 3.3] in the following way.

Theorem 1.6 (Banic¢, Crepnjak, Merhar, Milutinovié¢). Let X be a compact metric space, and f : X — X
be a surjective continuous function. For each n € N, let X,, be a closed subset of X, and let f, : X,, — 2%»
be a surjective upper semi-continuous function such that lim, T'(f,) = T(f) in 2X*X. Then lim, K,, = K in

2% if and only if lim, X,, = X in 2%,
2. WEAK FuLL PROJECTION PROPERTY

We now begin our first generalization of Theorem 1.6. In this section, it is shown that the limit function
f X — 2% need not be single-valued so long as its inverse limit & has the weak compact full projection
property. In fact, if for each n € N, K,, is connected, then K need only have the weak continuum full
projection property.

This is a generalization of Theorem 1.6, because the inverse limit of a continuous single-valued function
has the compact full projection property. (This fact follows from [4, Theorem 1.9].) We begin by defining

the various forms of the full projection property.

Definition 2.1. Let X be a compact metric space, and let f : X — 2% be a surjective upper semi-continuous
function. We say that @f has the compact (continuum) full projection property if, given a compact set
(continuum) H C Jim f such that m;(H) = X for infinitely many ¢ € N, it follows that H = Jm f.

We say that @f has the weak compact (continuum) full projection property if, given a compact set
(continuum) H C lim f such that m;(H) = X for all ¢ € N, it follows that H = Jim f.

The (weak) compact (continuum) full projection property is one of many important properties of inverse
limits with single-valued bonding maps which does not hold in the setting of set-valued maps. For discussion
of this property, see [3, 5, 7] and others.

The following theorem is found in [1, Theorem 3.2].

Theorem 2.2 (Banié¢, Crepnjak, Merhar, Milutinovié). Let X be a compact metric space and f : X — 2% be
an upper semi-continuous function. For each positive integern, let f, : X — 2% be an upper semi-continuous
function such that lim,, T'(f,) = T(f) in 2X*X. If P C 2" is an accumulation point of the sequence (K,,)
in the hyperspace 2% | then P C K.

In light of Remark 1.5, we may reword the statement of Theorem 2.2 as follows.

Lemma 2.3. Let X be a compact metric space and f : X — 2% be a surjective upper semi-continuous
function. For each n € N, let X,, be a closed subset of X, and f, : X, — 2%» be a surjective upper
semi-continuous function such that lim, T'(f,) = T(f) in 2X*X. If P C 2" is an accumulation point of the

sequence (K,,)S%, in the hyperspace 2% , then P C K.

The next theorem demonstrates that accumulation points have full projection in every coordinate.
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Lemma 2.4. Let X be a compact metric space. For each n € N, let X,, be a closed subset of X, and
fn i X — 257 be a surjective upper semi-continuous function such that lim, X, = X in 2X. If P C Z is

an accumulation point of the sequence (K,)2%, in the hyperspace 2% | then m;(P) = X for alli € N.

Proof. Let P C 2" be an accumulation point of the sequence (K,);2;, and let (K,,;)72; be a subsequence
which converges to P. Fix i € N. To show that X C 7;(P), let y € X. Since lim; X,,;, = lim, X,, = X, we
have that y € lim; X, so there exists a sequence (y;)72; whose limit is y where for each j € N, y; € X,,,.

For each j € N, the function f,, : X, — 2X™ g surjective, so there exists a point x; € Ky, with
mi(xj) = y;j. The resulting sequence (x;)32; has a convergent subsequence (x;, )32, converging to a point
x. Since the sequence (K,;)52, converges to P, it follows that its subsequence (K, )7, converges to P as
well. Thus, since x is the limit of the sequence (x;, )72, where for each k € N, x;, € K, , we have that
x e P.

Moreover,

mi(x) = lim mix,) = Lim y;, = lm y; =y

Therefore, y € m;(P). Since this holds for all y € X and i € N, it follows that X C m;(P) for alli e N. O

This brings us to our primary result for the section.

Theorem 2.5. Let X be a compact metric space and f : X — 2X be a surjective upper semi-continuous
function. For each n € N, let X, be a closed subset of X, and f, : X, — 2%X» be a surjective upper
semi-continuous function such that lim, T'(f,) = T(f) in 2X*X. If K has the weak compact full projection

property, then lim, K, = K in 2% .

Proof. First, note that since each f,, is surjective and lim,, I'(f,,) = I'(f), it follows that lim,, X, = X. Next,
note that since 2% is a compact space (K,,)5; has an accumulation point P C 2 .

By Lemma 2.3, P is a subset of K, and by Lemma 2.4, 7;(P) = X for all i € N. Therefore, since K has
the weak compact full projection property, we have that P = K.

This means that K is the only accumulation point of (K,)$ ;, and therefore, lim,, K, = K. ]
The following corollary follows immediately given Theorem 1.4.

Corollary 2.6. Let X be a compact metric space and f : X — 2% be a surjective upper semi-continuous
function. For each n € N, let X,, be a closed subset of X, and f, : X,, — 2% be a surjective upper semi-
continuous function such that lim, T'(f,,) = T(f) in 2X*X. If for each n € N, K,, is a continuum, and K

has the weak continuum full projection property, then lim, K, = K in 2% .
3. CoNTINUOUS LIMIT FUNCTION AND POINTWISE CONVERGENCE

This section is concerned with a second generalization of Theorem 1.6. Here, we demonstrate that the
limit function f : X — 2% need not be single-valued so long as it satisfies two other conditions. First, f
must be continuous with respect to the Hausdorff metric on 2%. Second, there must exist a set A, meeting
the criteria of Lemma 3.2 below, such that for every point a of A, a is in X, for all but finitely many n € N,
and lim,, f,(a) = f(a) in 2%.

The following Lemma ([1, Lemma 3.3]) is critical in the proof of Theorem 1.6.
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Lemma 3.1 (Banic, Crepnjak, Merhar, Milutinovié¢). Let X be a compact metric space, and let f : X — X
be a continuous single-valued function. For each n € N, let f, : X — 2% be an upper semi-continuous
function such that lim,, T'(f,) = T'(f) in 2X*X. Then for each ¢ > 0, there erists an ng € N such that for
all n > ng, for allz € X, and for ally € f,(x), d(y, f(z)) <€

The importance of this lemma is the conclusion that for all z € X, lim,, f,(z) = f(z) in 2%X. As we show
in Theorem 3.3, pointwise convergence on a sufficiently nice dense set is sufficient, provided f : X — 2% is

continuous.

Lemma 3.2. Let X be a compact metric space, and f : X — 2% be continuous. Suppose there exists a set

A which is dense in X such that A C f(A), and for each a € A, AN f(a) is dense in f(a). Then the set
A={xelimf:z; € A foralli € N}
is dense in @f.

Proof. Let x € @f, and let € > 0. Choose m € N such that
> 5
91

i=m-+1

DO ™

Let 01 = €/2, and choose a positive number J; < €/2 such that if a,b € X with d(a,b) < 2, then
Ha(f(a), f(b)) < 1.

Suppose that for some k& < m — 1, §; has been defined for all 1 < ¢ < k. Then choose a positive number
Ok+1 < €/2 so that if a,b € X with d(a,b) < dgs1, then Hy(f(a), f(b)) < k. In this way, we define a finite
sequence (0;) ;.

We now begin the construction of an element a € A with D(x,a) <e.

Since A is dense in X, there exists a,, € A with d(am,Tm) < 0m. Then Hq(f(am), f(Tm)) < Om_1-
This means that the open ball of radius d,,_1, centered at x,,_; intersects f(a,,), and since AN f(am)
is dense in f(a.,), there is a point a,,—1 € AN f(a,,) such that d(am—1,Zm—1) < dm—1. Similarly, then
Ha(f(am—-1), f(®m-1)) < dm—2, and it follows from the density of AN f(am—1) in f(am—1) that there exists
a point a,,—s € AN f(am—1) such that d(am—2,Tm—2) < dm—2.

We may continue in this manner until we have chosen a1, as,...,a, such that for all ¢ = 1,...,m,
d(a;,r;) < 6; < €/2. Then, since A C f(A), for each i > m, we may choose a;11 € AN f~(a;). Let
a= (a;)$2;. Then a € A. Moreover,

D(x,a):i x“al in:dxl,'az + Z x“az %4—%:6.

=1 =1 1=m-+1

This brings us to the main result of this section.

Theorem 3.3. Let X be a compact metric space and f : X — 2% be surjective and continuous. For each
n €N, let X,, be a closed subset of X and f,, : X, — 2% be a surjective upper semi-continuous function. If

there exists a set A such that
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(1) A meets the criteria of Lemma 3.2 with respect to f : X — 2% and
(2) for each a € A, there exists an N € N such that a € X,, for alln > N, and the sequence (f,(a))22 n

converges to f(a) in 2%,

then lim,, K,, = K in 2% .

Proof. We will prove this by showing that limsup,, K;,, € K C liminf, K,,. From Lemma 2.3, every accu-
mulation point of (K,,)$2 ; is a subset of K. Thus, since

limsup K,, = U{P : P is an accumulation point of (K,)5>,},
n

we have that limsup,, K,, C K.

Now, since liminf,, K, is closed, to show that K C liminf,, K,,, it will suffice to show that
A={xe K:x; € Aforalli e N} Climinf K,,.
n

Towards this end, let x € A. We will show that for all € > 0, there exists N € N such that for all n > N,
there is a point y € K, which is within € of x.

Let € > 0. First, choose m € N, such that

| —

> x<s

1=m-+1

- <
7

N}
N

Next, let d,,—1 = €/2, and choose any positive number €,,_o less than §,,,_1. Since f : X — 2X is continuous,
we may choose a positive number §,,_o less than €, o so that if a,b € X with d(a,b) < 0,2, then
Ha(f(a), f(b)) < €m—2. Then choose €,,_3 to be any positive number less than d,,—2, and choose a positive
number d,,_3 less than €,,_3 so that if a,b € X with d(a,b) < d,,—3, then Hq(f(a), f(b)) < €m—s3.

‘We continue on in this manner until we choose a positive number €7 less than 5, and we choose a positive
number §; less than e; such that if a,b € X with d(a,b) < 01, then Hq(f(a), f(b)) < €1. This results in a

sequence
O<51<61<52<€2<"'<5m_2<6m_2<5m_1:%.
Now, let
€0 =min{dy, 811 —€:i=1,...,m—2}.

From Property (2) above, we have that since 1, ..., z,, € A, there exists M € N such that z1,...,z,, € X,

for all n > M, and for each i = 1,...,m — 1, the sequence (f,,(z;11)°> ), converges to f(z;4+1) in 2%. Hence,
we may choose a natural number N > M so that for each n > N and each i = 1,...,m — 1, we have that
Ha(fn(@it1), f(zis1)) < €o.

Fix n > N, and let y,, = ®,,. Since x,,—1 € f(z;), by our choice of N, there exists an element

Ym—1 € fn(@m) such that d(Ym—1,Tm—1) < €0 < 01 < €/2.
Suppose that for some natural number £ < m — 2, an element ¥,,_; has been chosen for each i =

1,...,k such that y,,—; € fr(Ym—i+1), and d(Tm—i, Ym—i) < 6;. Then from the choice of i, we have that
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Ha(f(@m—r), f(Ym—£)) < €. Additionally, by our choice of N, we have that Hq(f(Ym—t)s frn(Um—&)) < €0,

so it follows that

Ha (f(xmfk)a I (ymfk»

< Ha(f(@m—r): fYm-1)) + Ha (f Ym—k), fn(Ym—£))
< €+ €
< Ok

Therefore, there exists ym—x—1 € frn(Ym—x) such that d(xm—k—1, Ym—t—1) < Og+1 < €¢/2. In this manner,
for each i =1,...,m — 1 a point y; is chosen so that d(z;,y;) < €/2.
Since f, : X, — 2%» is surjective, for each i > m, we may choose y;11 € f,, *(y;). Thus, y; has been
defined for all i € N, so let y = (y;)22;. Then
oo m oo
d(w4, i) d(zi,yi) d(w4,yi) €, €
D(x,y) = Yi) _ ‘ AL L7AS
(e y) =2 > + 2 tg=e

; 2t . 2t ) 2t 2
=1 =1 1=m-+1

Therefore, x € liminf,, K,,, and we have that limsup,, K,, C K C liminf, K,,. Thus, lim, K,, = K. O

4. NON-CONSTANT INVERSE SEQUENCES

Both Theorem 2.5 and Theorem 3.3 may be stated more generally for inverse sequences that are not
induced by a single function on a compact metric space. These statements are given below. Their proofs
are, in essence, identical to the proofs of the previous two sections.

For the following theorems, for a given n € N, the terms of a sequence X,, will be denoted X{", X7, . ...

Likewise, the terms of a sequence f,, will be denoted f7*, f3,. ...

Theorem 4.1. Let {X,f} be an inverse sequence with surjective bonding functions, and for each n € N, let
{Xn,fn} be an inverse sequence with surjective bonding functions, such that for each i € N, X C X,. If
for each i € N, lim,, T'(f*) = T'(f;) in 2X+1%Xi " and K has the weak compact full projection property, then
lim, K, = K in 2% .

Corollary 4.2. Let {X,f} be an inverse sequence with surjective bonding functions, and for each n € N,
let {Xn,fn} be an inverse sequence with surjective bonding functions, such that for each i € N, X C X,.
Suppose that for each n € N, K,, is a continuum. If for each i € N, lim,, T(f*) = T(f;) in 2Xi+1%Xi " and K

has the weak continuum full projection property, then lim, K, = K in 2% .

Theorem 4.3. Let {X,f} be an inverse sequence such that each bonding function is continuous. For each
n €N, let {Xn,fn} be an inverse sequence such that for all i € N, X C X;, and f' is surjective. If there
exists a sequence (A;)72, such that for each i € N,

(1) A; is dense in X,

(2) for each a € Aj11, A;N fi(a) is dense in f;(a),

(3) A; C fi(Aiy1), and

(4) for each a € Aiy1, a is in X7, for all but finitely many n € N, and lim,, f{*(a) = fi(a) in 2%
then lim,, K,, = K.
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5. EXAMPLES

The following examples illustrate applications of the main results of this paper. In particular, we show
that the each is a nontrivial generalization of Theorem 1.6. Our first example appears in [1, Example 4.5].
We will show that, while the main result of that paper (Theorem 1.6) does not apply, Theorem 1 does.

The following definition will be useful.

Definition 5.1. Let X be a compact metric space, and let f : X — 2% be upper semi-continuous. Then

for all n € N, define

I ={xe H[O, 1] 2 € f(zi41) for all 1 <4 < n}.
i=1
Example 5.2. For each n € N, let f :[0,1] — 2[%1 be given by f(z) = 2", and let f : [0,1] — 2% be the
function given by f(x) = 0 for all # # 1, and f(1) = [0, 1] (pictured in Figure 1). Then lim,, K,, = K in 2% .

Proof. To apply Theorem 1, we need only show that @f has the weak compact full projection property.
To do so, it suffices to show that for any n € N, if H is a compact subset of I}, with p;(H) = [0,1] for all
i=1,...,n, then H =T, (where p; : I/, — [0, 1] is projection onto the ith coordinate).

Fix n € N, and suppose that H is a compact subset of I}, with p;(H) = [0,1] for all ¢ = 1,...,n. For

each natural number k =2,...,n — 1, define a set
Ay ={x€l} :x;=0forall 1<i<k—1, andz; =1 forall k+1<i <n}.

Additionally, define

Ay {xel) :x;=1forall 2<i<n}, and

A, {xel,:z;=0forall 1 <i<n-—1}.

Note that for each k = 1,...,n, Ay is an arc, and that '}, = [J;_, A;. We will show that forallk =1,...,n,
A C H. Let x be a point of A with xx € (0,1). Notice that for any j = 1,...,n with j # k, there are no
points of A; whose kth coordinate is 2. Thus, since 3, € (0,1) C pp(H), it follows that x € H. Then since
H is compact, it also follows that Ay C H, and hence I}, C H. O

The next example is an application of Theorem 2, and provides an illustration that (even for continuous
set-valued functions) convergence of I'(f,,) to I'(f) does not imply pointwise convergence of f,(x) to f(x),

and that pointwise convergence is not necessary.

Example 5.3. Let g:[0,1] — 2[0:1] he the continuous set-valued function whose graph is the closed region
of [0,1] x [0,1] bounded by four line segments: the first from (0,1/2) to (1/2,1), the second from (1/2,1)
to (1,1/2), the third from (1,1/2) to (1/2,0), and the fourth from (1/2,0) to (0,1/2). The graph of g is
pictured in Figure 3.
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1 1
0
00 1 0 1
FIGURE 1. f FIGURE 2. (f,)5%,
1 1
00 1 0O 1
FIGURE 3. ¢ FIGURE 4. g3

For each n € N, let g, : [0,1] — 2001 be the upper semi-continuous function whose graph is equal to

I'(g) \ L where L is the region of [0,1] x [0, 1] bounded by the graphs of the following four functions:

o 0,1/2 = /21, pil@) =2 4

2 /20 = 121, gafa) =21 —a) 4 o,
ps 0,1/2 > [0,1/2,  gsla) = 2" + o

pa /211 [0,1/2,  palw) = 2" (1 - )" 4,

The graph of g3 is pictured in Figure 4.
Then if K = l(i£1g and for each n € N, K, = l'glgn., then lim,, K,, = K in 2% .

Proof. Let A =10,1]\{0,1/2,1}. Then A is dense in [0, 1], g(A) = A, and for all a € A, lim,, g,(a) = g(a)
in 201 Hence, by Theorem 3.3, lim,, K,, = K in 2% . O
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The existence of a set A as in Theorem 3.3 is easy to identify in this example, but in general this may not
be the case. However, it may be the case that such a set is not necessary for the conclusion to hold, leading

to the following question.

Question 5.4. Let f : X — 2% be a function, and for each n € N, let f, : X — 2% be upper semi-
continuous such that lim, I'(f,,) = T'(f), and 71 (K) C liminf,, 7 (K,,). If f is continuous, does it follow that

lim, K,, = K in 2%7?

The authors at one point speculated that the existence of a set A as in Theorem 3.3 would follow from
the continuity of f, thus providing a positive answer to Question 5.4. We conclude with an example that
illustrates that such a set A need not exist even if the limit function is continuous. This example does not,

however, provide a negative answer to Question 5.4.

Example 5.5. Let f : [0,1] — 201 be given by f(z) = [0,1] for all z € [0,1]. Let (D,)%, be a sequence of
mutually disjoint subsets of [0, 1] such that for each n € N, the collection of open balls {B(x,1/2") : x € D, }
is an open cover of [0,1]. For each n € N, define f,, : [0,1] — 201 by

0 for © ¢ D,,

fn(@) =
[0,1] for z € D,.
Then f is continuous, lim, I'(f,) = I'(f) in 20Ux01 and lim, K,, = K in 2%, but for all z € [0, 1],

lim,, f,,(x) = {0} which is not equal to f(x).

Proof. First, the fact that for all z € [0,1], lim, f,(z) = {0} in 2> follows from the definition of the
sequence (f,)%2 ; and the fact that the members of the sequence (D)5 ; are mutually disjoint. This means
that for any = € [0,1], fn(z) = {0} for all but possibly one n € N.

To see that lim, K,, = K, note that by Lemma 2.3, limsup, K,, € K, so we must only show that
K Climinf, K,. Let x € K, and let € > 0. Choose m € N such that

and choose N € N such that 27V < ¢/2.

Fix a natural number n > N. By the definition of D,,, we have that there exists y,, € D, such that
|Zm — Ym| < 27™. Suppose that for some k < m, yi € D,, has been defined. Then since f,(yx) = [0, 1], we
may choose yx—1 € D,, such that |zp_1 —yr—1| < 27™. In this way, we define y1,ys, ..., ym such that for all
t=1,...,my [Ty — Ym| <277 < €/2.

Since f, is surjective, for each i > m, we may choose y;11 € f, '(y;). In this way we define a point
y = (¥:)2, € K,. Moreover, by construction,

— |zi — il _ ~= |7 — il — 1 e ¢
Dixy)=) —5r <X —5 + X2 3<3+3
=1 i=1

i=m—+1

Therefore lim sup,, K, C K C liminf,, K,,, and hence lim,, K,, = K.
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