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Abstract. Central to the study of Z actions on compact metric spaces is the

ω-limit set, the set of all limit points of a forward orbit. A closed set K is

internally chain transitive provided for every x, y ∈ K there is an ε-pseudo-
orbit of points from K that starts with x and ends with y. It is known in

several settings that the property of internal chain transitivity characterizes

ω-limit sets. In this paper, we consider actions of Zd on compact metric spaces.
We give a general definition for shadowing and limit sets in this setting. We

characterize limit sets in terms of a more general internal property which we

call internal mesh transitivity.

1. Introduction

The study of Zd actions on compact metric spaces is a natural generalization of
the study of Z actions. Perhaps unsurprisingly many of the basic questions and
results from the topological theory of Z actions are difficult to resolve for Zd actions
when d ≥ 2. Consider for example shift spaces. Specifically, consider a countable
product of a finite set of symbols, Σ = {0, 1, . . . n}, with the discrete topology. Then
the natural Z action on ΣZ, the shift map σ : ΣZ → ΣZ , has many closed invariant
subsets, subshifts. When the subshift consists of those patterns not containing any
pattern from a finite collection of forbidden finite patterns we call it a subshift of
finite type (SFT). It is straightforward to compute the topological entropy of any
SFT, and the technique has been known for some time, [13] and [9]. This cannot

be said about subshifts of multidimensional shift spaces, ΣZd d ≥ 2,[7] and [8].
In this paper, we consider limit sets under Zd actions for d ≥ 2. For a Z action

on a compact metric space, X, the ω-limit set of x ∈ X is the set of limit points of
the positive (forward) orbit of x. The α-limit set of x ∈ X is the set of limit points
of the negative (backward) orbit of x. In the case of Zd, though, there are no clear
and agreed upon notions of ω and α-limit set.

Let Σ = {0, 1, . . . , n} and consider the one-dimensional σ : ΣZ → ΣZ. Let
x = . . . x−1.x0x1 . . . . Then it is easy to see that y ∈ ω(x) if, and only if, for every
n ∈ N each central segment of y = y−n . . . y−1.y0 . . . yn of length 2n + 1 occurs
infinitely often in x0x1 . . . . Similarly y ∈ α(x) if, and only if, for every n ∈ N
each central segment of y of length 2n+ 1 occurs infinitely often in . . . x−2x−1. In

this spirit we can define limit sets for ΣZd , but we have many more directions to
consider.

The first generalization along these lines was done by Oprocha, [11]. He defined

some limit sets for Zd shift spaces. In the two-dimensional setting, σ : ΣZ2 →
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ΣZ2

, Oprocha defined four limit sets by considering the action restricted to each

quadrant. Summarizing his work, let x, y ∈ ΣZ2

, then y is in the limit set of x
generated by the first quadrant provided for every n ∈ N each central block of y
of radius n occurs infinitely often in quadrant I of x centered at some sequence
(ai, bi) for i ∈ N with ai → ∞ and bi → ∞. One way to visualize this condition
is to imagine an infinite collection of L-shaped bands, (Lj)j∈N, with corner points
at (j, j) on the integer lattice Z2. Then y is in x’s first quadrant limit set if, and
only if, each central block of y of radius n occurs above each Lj in x. He defines

the three other limit sets for ΣZ2

(and limit sets for ΣZd for d > 2) analogously.
Our goal in this paper is to give a more general notion of limit set for Zd actions

and to give a characterization of these limit sets in terms of internal properties.
We extend Oprocha’s notion to all Zd actions and to any finite set of directions.

This gives us many more types of limit set and one supra-limit set which we call the
ω-limit set. The precise definition is given in the following sections, but in the case
of a Z2 shift space it is easy to give a description of the ω-limit set. For each j ∈ N
let Mj be the central block of Z2 of radius j. Let x ∈ ΣZ2

. Then we say y ∈ ω(x) if,
and only if, for every n ∈ N, each central block of y of radius n occurs in x outside
of Mj . This is equivalent to saying there is some (a, b) ∈ Z2 with |a| > j or |b| > j

such that σ(a,b)(x) and y agree on their central block of radius n. We prove that
for a Zd action, this ω-limit set contains all possible other limit sets as invariant
subsets. It contains all limit points of the full orbit of x.

We also generalize the notion of shadowing to this setting and define an extension
of internal chain transitivity which we call internal mesh transitivity. In Z actions,
all ω-limit sets are internally chain transitive, but it is not always the case that
all internally chain transitive sets are ω-limit sets. In the case of one-dimensional
shift spaces and SFTs the two notions are equivalent, but there are one-dimensional
sofic shift spaces with internally chain transitive sets which are not ω-limit sets, [2].
In the case of Zd actions for d ≥ 2, we prove that in many settings, such as d-
dimensional shift spaces, internal mesh transitivity characterizes these generalized
limit sets.

The paper is organized as follows. In Section 2, we give preliminary definitions
and results for Zd actions on compact metric spaces. We define the various limit sets
including the ω-limit set, and we prove some of their basic topological properties.
In Section 3, we generalize internal chain transitivity to Zd actions and call it
internal mesh transitivity. We prove that limit sets always have internal mesh
transitivity. We show that in the presence of a strong type of shadowing (limit
shadowing cf. [4]) internal mesh transitivity characterizes limit sets. In the last
section, we turn our attention specifically to multidimensional shift spaces. We
prove that these spaces have shadowing and limit shadowing, and therefore internal
mesh transitivity characterizes limit sets. Finally, we give some conditions under
which multidimensional shifts of finite type have the property that internal mesh
transitivity characterizes limit sets.

2. Preliminaries

Recall that for a group G and a topological space X, a G-action σ on X is a
homomorphism from G to the group of continuous self-maps of X. We will be
using σ to represent this map, that is, for t ∈ G, t 7→ σt where σt : X → X is
continuous. We will be concerned with Zd actions for fixed d ∈ N, as the language
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of group actions is well suited to discussion of finite dimensional dynamical systems.
If f1, . . . fd are commuting maps on X, then (t1, . . . , td) 7→ f t11 ◦ · · · ◦ f

td
d is a well-

defined group action on X.
Much as the orbit of a point can be identified with the sequence {f i(x)}i∈N, the

Zd-orbit of a point x ∈ X can be identified with the collection {σt(x)}t∈Zd , as in
Figure 1.

σ1,1(x)

σ1,0(x)

σ1,−1(x)

σ0,1(x)

σ0,0(x)

σ0,−1(x)

σ−1,1(x)

σ−1,0(x)

σ−1,−1(x)

x

X

x

σ1,0(x)σ0,1(x)

σ1,1(x)

Figure 1. Orbit of a Z2 action as {σt}t∈Zd and as seen in X.

Multidimensional shift spaces serve as an interesting source of examples and as
a focus of inquiry. Shift spaces have the benefit that the group action is quite clear.

For a finite set Σ with the discrete topology, we will use ΣZd to denote the space

of maps from Zd to Σ with the product topology. A point x ∈ ΣZd is given by its
coordinates, i.e. x = {xi}i∈Zd . For the purposes of this paper, for t ∈ Zd, we will
define |t| =

∑
|ti|, i.e. the distance from t to the origin in the taxicab metric. Then,

the topology on ΣZd is consistent with the metric ρ given by ρ(x, y) = 2−n where
n = minxt 6=yt{|t|}. The group action is as follows: for t ∈ Zd, (σt(x))s = xs+t.

Recall that for a Z-action generated by iteration of a map f on a compact metric
space (X, ρ), the ω-limit set of a point x is

ω(x) =
⋂
i∈N
{f t+i(x)|t ∈ N}.

That is to say, it is the limit set of x under the action of the semigroup N in the
sense of Gottschalk and Hedlund,[5]. Another formulation is

ω(x) = {y ∈ X|∀M ∈ N, ε > 0 ∃t ∈ Z such that t > Mand ρ(y, f t(x)) < ε}.

This is the forward limit set of x under the group action. The backwards
limit set is also of interest and is known as the α-limit set of x:

α(x) =
⋂
i∈N
{f−(t+i)(x)|t ∈ N}.
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This is the limit set of x under the action of the semigroup −N, which can also
be written

α(x) = {y ∈ X|∀M ∈ N, ε > 0 ∃t ∈ Z such that t < −Mand ρ(y, f t(x)) < ε}.
We are interested in studying limit behaviors in multi-dimensional dynamical

systems. In particular, we would like to define analogues to the ω- and α-limit sets
for a Zd-action σ on a compact metric space (X, ρ).

As a first consideration, there are many more directions to choose from in Zd. In
Z there are essentially only two directions, in particular 1 ∈ Z and −1 ∈ Z. These
are of course, generators for the semigroups N and −N respectively.

The natural generalization to Zd actions is to consider d-dimensional vectors as
our directions.

Definition 1. The set of directions in Zd is the set

D(d) = {η ∈ Zd| gcd{ηi} = 1}.
The restriction to those vectors whose entries are relatively prime is necessary

to simplify several expressions later in the paper. It should be noted, however, that
this restriction does not actually restrict the directions under consideration. We
will use ei for i ∈ {1, . . . , n} to denote the standard basis vectors for Zd. Note that
for each i ∈ {1, . . . , n}, ei ∈ D(d).

Now we define our notion of a directional limit set.

Definition 2. For η ∈ D(d) and x ∈ X, define the η-type limit set of x be

Lη(x) = {y ∈ X|∀M ∈ N, ε > 0 ∃t ∈ Zd such that t · η > Mand ρ(y, σt(x)) < ε}
where · denotes the usual dot product of vectors.

η

s
·
η
=
M

t1

t2

x

σt(x)

Figure 2. Lη(x) in the orbit space for η = (2, 1). The shaded
region represents those images of x for which t · η > M .

It should be noted that the set Gη = {t ∈ Zd|t · η > 0} is a semigroup and that
Lη(x) is the limit set of x under its action.
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Remark 3. In the case that d = 1, these are the familiar limit sets; L−1(x) = α(x)
and L1(x) = ω(x).

In [11], Piotr Oprocha studies a particular kind of limit set in these systems.
In particular, each (strict) d-dimensional quadrant of Zd is a semigroup, and he
looks at the limit sets of points under these actions. We introduce the following
definitions which generalize these limit sets.

Definition 4. For E ⊂ D(d) finite and x ∈ X, define the E-type limit sets of x
to be

L+
E(x) = {y ∈ X|∀M ∈ N, ε > 0 ∃t ∈ Zdsuch that min

η∈E
{t·η} > Mand ρ(y, σt(x)) < ε}.

and

L−E(x) = {y ∈ X|∀M ∈ N, ε > 0 ∃t ∈ Zdsuch that max
η∈E
{t·η} > Mand ρ(y, σt(x)) < ε}.

It should be noted that L+
E(x) is the limit set of x under the action of

⋂
η∈E Gη.

Note that this semigroup may be empty, in which case the limit set is empty as
well.

Also note that the union of semigroups is in general not a semigroup, so the
limit set of the form L−E(x) are not (in general) semigroup limit sets in the sense of
Gottschalk.

When E = {η} is a singleton, these two limit sets coincide and are equal to Lη
as defined above.

The limit sets of Oprocha are L+
E type limits where E is taken to be {aiei}1≤i≤d

for a choice of ai ∈ {−1, 1} and where ei denotes the ith unit basis vector in Zd.

Lemma 5. For E ⊂ D(d) finite, and x ∈ X, the sets LE±(x) are closed and
invariant under σs for all s ∈ Zd.

Proof. We will demonstrate that L−E(x) is closed and invariant. That L+
E(x) is

closed and invariant can be proved in an identical fashion, but also follows from
known results for limit sets under the action of semigroups [5].

Let E ⊆ D(d) and x ∈ X. Let {pi}i∈N be a sequence of points in L−E(x) which
converges to the point p ∈ X. Now, let M ∈ N and ε > 0. Pick N ∈ N such that
for n > N , ρ(pn, p) < ε/2.

Since pn ∈ L−E(x), there exists t ∈ Zd such that maxη∈E{t · η} > M and
ρ(σt(x), pn) < ε/2. In particular, maxη∈E{t·η} > M and ρ(σt(x), p) ≤ ρ(σt(x), pn)+
ρ(pn, p) < ε. Thus L−E(x) is closed.

Now let us see that it is invariant under σt for all t ∈ Zd. Let t ∈ Zd. Since E
is finite, there exists K ∈ N such that |t · η| < K for all η ∈ E. Let M ∈ N and
ε > 0. Since σt is uniformly continuous, let δ > 0 such that ρ(a, b) < δ implies
ρ(σt(a), σt(b)) < ε. Let p ∈ L−E(x). and consider p′ = σt(p). Since p ∈ L−E(x), there
exists s ∈ Zd such that maxη∈E{s ·η} > M +K and ρ(σs(x), p) < δ. By our earlier
note about t, maxη∈E{s+ t · η} > M and ρ(σs+t(x), p′) = ρ(σt(σs(x)), σt(p)) < ε.
Thus p′ ∈ L−E(x). �

The following is the most general limit set one can define in this setting.

Definition 6. For x ∈ X, define the ω-limit set of x to be

ω(x) = {y ∈ X|∀M ∈ N, ε > 0 ∃t ∈ Zdsuch that max
1≤i≤d

{|ti|} > Mand ρ(y, σt(x)) < ε}.
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Figure 3. Limit sets for E = {η1, η2}. The shaded regions
represents those images of x for which minη∈E{t · η} > M and
maxη∈E{t · η} > M respectively.

The proofs of the following results are straightforward.

Lemma 7. Let x ∈ X. Then for E = {±ei}1≤i≤d where ei denotes the ith unit
basis vector in Zd,

ω(x) =
⋃
η∈Zd

Lη(x) = L−E(x).

Corollary 8. The set ω(x) is closed and invariant under σs for all s ∈ Zd.
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max{|ti|} = M

x

σt(x)

Figure 4. The limit set ω(x). The shaded regions represents those
images of x for which max1≤i≤d{|ti|} > M .

Theorem 9. Let E ⊂ Dd finite and x ∈ X. For each ζ ∈ E we have the following:

L+
E(x) ⊆

⋂
η∈E

Lη(x) ⊆ Lζ(x) ⊆
⋃
η∈E

Lη(x) = L−E(x) ⊆ ω(x)

Each of these inclusions is potentially strict. To see this, we consider the 2-

dimensional full shift on two symbols, {0, 1}Z2

and describe points which demon-

strate the ineuquality of the limit sets. Let x ∈ {0, 1}Z2

given by xt = 0 if
t is in quadrants one or three and xt = 1 otherwise. For E = {(1, 0), (0, 1)},
L+
E = {(0)t∈Z2}, whereas

⋂
η∈E Lη(x) = {(0)t∈Z2 , (1)t∈Z2}. The set L{(1,0)} con-

tains points which are all ones below a horizontal line and all zeros above that
horizontal line. The set L{(0,1)} has points which are all ones to the left of a verti-
cal line and all zeros to the right. Finally, ω(x) has points which are all ones above
a horizontal line and all zeros below it, as well as points which are zero to the left
of a vertical line and one to the right.

Lemma 10. For E ⊂ D(d) finite, ε > 0 and x ∈ X:

(1) there exists m ∈ N such that for all t ∈ Zd with minη∈E{t · η} ≥ m,
ρ(σt(x), L+

E(x)) < ε, and
(2) there exists m ∈ N such that for all t ∈ Zd with maxη∈E{t · η} ≥ m,

ρ(σt(x), L−E(x)) < ε.

Proof. The proofs for each item are essentially identical, so we shall prove only the
first.

Suppose to the contrary, i.e. for a given η ∈ X, ε > 0 and x ∈ X, for each m ∈ N
there exists tm ∈ Zd with minη∈E{tm · η} ≥ m and ρ(σtm(x), L+

E(x)) > ε. By
passing to a subsequence if necessary, suppose that the sequence σtm(x) converges
to y. By the above, ρ(y, L+

E(x)) > ε. But this same sequence of tm demonstrates

that y ∈ L+
E(x). This contradicts the choice of tm. �
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3. Generalizations of Internal Chain Transitivity

In one-dimensional systems given by a continuous function f on a compact metric
space X, it has been shown that sets Λ which are ω-limits can be identified by
internal properties, cf. [1], [2], [3].

In particular, a set Λ ⊆ X is internally chain transitive if for each ε > 0 and each
pair x, y ∈ Λ, there exists an n ∈ N and a collection {x = x0, x1, . . . , xn = y} of
points in Λ such that for 0 ≤ j < n, d(f(xj), xj+1) < ε. Such a collection of points
is called an ε-chain from x to y. Finally, a set Λ ⊆ X is weakly incompressible if
M ∩ f(Λ \M) 6= ∅ for each nonempty closed proper subset M of Λ.

It is fairly easy to show that these three concepts are related. Sarkovski showed
that ω-limit sets are weakly incompressible. Hirsch later showed that ω-limit sets
are also internally chain transitive, [6].

Furthermore, it is not difficult to show that in this context, if Λ is a closed,
nonempty subset of X, then it is weakly incompressible if and only if it is internally
chain transitive, [4].

While there are many possible ways to generalize these notions to the case of a
Zd action on a metric space X, we are most interested in a characterization of limit
sets, and will be tailoring our exposition for this goal.

Remark 11. For the purposes of the following definitions, we fix E ⊆ Dd finite and
let F denote one of E+ or E−. Additionally, for purposes of brevity and clarity,
for t ∈ Zd, we will let ||t||F equal either minη∈E{t · η} or maxη∈E{t · η} if F is E+

or E− respectively. Also, recall that for t ∈ Zd, we use |t| to denote the distance of
t from the origin using the taxicab metric, i.e. |t| =

∑
|ti|.

Definition 12. For ε > 0, an ε-F -mesh is a collection {pt}M≤||t||F≤K for some
M,K ∈ Z with M ≤ K with the property that ρ(σs(pt), pt+s) < ε when |s| = 1, and
M ≤ ||t||F ≤ ||t+ s||F ≤ K. An ε-F -band is an ε-F -mesh for which M = K. An
ε-F -mesh (band) in a set D is one for which each pt belongs to D.

This is a straightforward generalization of the one-dimensional notion of an ε-
chain. It is at this point that the restriction of directions to the set Dd becomes
relevant. In doing so, we ensure that ε-F -meshes are nontrivial for appropriate
choices of M . In particular, when F = E− for a finite set of directions E, meshes
are nonempty provided that M ≥ 0. In contrast, for certain choices of E, E+

meshes are empty for M sufficiently large, but this occurs exactly when L+
E limit

sets are empty.
As a final observation, it is worth noting that E+-meshes are infinite when they

exist, whereas E−-meshes may be finite or infinite depending on the set E. Of
particular note, if E is the set of the unit basis vectors and their additive inverses,
then E−-meshes are finite for M ≥ 0.

We now offer a first generalization of internal chain transitivity to the setting of
Zd actions.

Definition 13. A set Λ ⊆ X is internally F -meshed if for each ε > 0 and each
pair x, y ∈ Λ there exists an ε-F -mesh P = {pt}M≤||t||F≤K in Λ such that there
exists t0 with ||t0||F = M and x = pt0 and t1 with ||t1||F = K and pt1 = y.

Indeed, for d = 1 and F = {1} (and by uniform continuity F = {−1} as well),
this is precisely the property of internal chain transitivity.

Theorem 14. If A = LF (z) for some z ∈ X, then A is internally F -meshed.
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Proof. Let x, y ∈ LF (x). Let ε > 0 and by uniform continuity, choose δ > 0 such
that δ < ε/2 and if ρ(p, q) < δ, ρ(σt(p), σt(q)) < ε/2 for all |t| ≤ 1. By Lemma 10,
find N ∈ N such that for ||t||F ≥ N , ρ(σt(x), LF (z)) < δ. Now, for all t ∈ Zd with
||t||F ≥ N , choose pt ∈ LF (z) such that ρ(σt(x), pt) < δ. Since x ∈ LF (z), we can
find some t0 with ||t0||F ≥ N such that we can choose pt0 = x. Furthermore, since
y ∈ LF (z), we can find t1 with ||t1||F > ||t0||F such that we may choose pt1 = y.
By choice of δ, the collection P = {pt}||t0||F≤||t||F≤||t1||F is an ε-F -mesh with x and
y in the required positions. Thus LF (z) is internally F -meshed. �

An important distinction between chains and meshes is that chains are naturally
transitive in the following sense. When d = 1, it is easy to check that chains can
be concatenated to arrive at a longer chain. In particular, if {x0, x1, . . . , xn} is an
ε-chain from x to y and {y0, y1, . . . , yn} an ε-chain from y to z, then {x0, . . . , xn =
y0, . . . yn} is an ε-chain from x to z.

However, meshes are not so easily concatenated. Firstly, it is not the case that
a given ε-mesh may even by extended, much less extended in a particular manner.
Examples of such meshes can easily be found in shifts of finite type. Furthermore,
to concatenate meshes P = {pt}M≤||t||F≤K and Q = {qt}K≤||t||F≤L in an analogous
way would require pt = qt for all t with ||t||F = K.

The converse to Theorem 14 is known to be false, even in the case that d = 1,
[2]. However, it has been demonstrated that there are many sets X for which the
converse holds. In [4], some conditions are found which guarantee the converse. In
their construction, the natural transitivity of chains is applied to generate a well
behaved pseudo-orbit. We generalize these notions.

Definition 15. For ε > 0, an ε-F -pseudo-orbit is a collection {pt}M≤||t||F for
some M ∈ N satisfying ρ(σs(pt), pt+s) < ε when |s| = 1 and M ≤ ||t||F ≤ ||t+s||F .
An ε-F -pseudo-orbit in a set D is one for which pt ∈ D for all ||t||F ≥M .

An ε-F -pseudo-orbit {pt}M≤||t||F is asymptotic if for all δ > 0 there exists a
K ∈ N such that for {pt}L≤||t||F is a δ-F -pseudo-orbit.

Remark 16. Pseudo-orbits in shift spaces have particularly useful properties. Specif-
ically, for n ∈ N and ε < 2−n, an ε-F -pseudo-orbit has the following property: if
s, t ∈ Zd such that |s| ≤ n and both pt and pt+s are defined, then (pt)s = (pt+s)0,
that is, the symbol of pt in position s is the same as the symbol of pt+s at the origin.

Definition 17. For ε > 0, an ε-F -band C and y ∈ X, an ε-F -mesh from C to
y is an ε-F -mesh P = {pt}K≤||t||F≤M such that {pt}||t||F=K = C and there exists t
with ||t||F = M and ρ(pt, y) < ε.

Definition 18. A set Λ ⊆ X is internally mesh transitive with respect to F
(IMT-F ) provided that there exist collections {CN}N∈N of F -bands in Λ such that
for all ε > 0 there exists Nε such that for C ∈ CNε and y ∈ X there exists an
ε-F -mesh P = {pt}K≤||t||F≤M in Λ from C to y and C ′ = {pt}||t||F=M ∈ CNε/2 .

Note that this is a generalization of internal chain transitivity. In dimension one,
when F is either {1} or {−1}, F -bands are points, and ε-F -meshes are ε-chains.
By taking Ci = Λ for each i, it is easy to see that Λ is internally mesh transitive
with respect to F if and only if Λ is internally chain transitive.

Theorem 19. If A = LF (x) for some x ∈ X, then A is IMT-F .
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Proof. Let x ∈ X. For each t ∈ Zd, choose pt ∈ Λ so as to minimize ρ(σt(x), pt).
For i ∈ N, by uniform continuity, let δi < 2−i−1 such that if ρ(p, q) < δi, then

ρ(σs(p), σs(q)) < 2−i−1 for all |s| ≤ 1. Choose Ni ∈ N such that for all s ∈ Zd
with ||s||F ≥ Ni, ρ(σs(x), LF (x)) < δi as guaranteed by Lemma 10. Without loss
of generality, we may assume that Ni ≤ Ni+1 for all i ∈ N. Notice that for each
t ∈ Zd such that Ni ≤ ||t||F , the pt chosen earlier satisfies ρ(σt(x), pt) < δi. Let
Ci = {{pt}||t||F=K}K≥Ni .

Now, for each ε > 0 choose i such that ε > 2−i−1 > 0. Let C ∈ Ci and y ∈ LF (x).
Finally, choose j such that ε/2 > 2−j−1 > 0. Then, by choice of δi, the collection
{pt}Ni≤||t||F≤K is an ε-F -mesh for all K ≥ Ni. In particular, since y ∈ LF (x),

there exists t ∈ Zd with ||t||F = M > Nj such that ρ(y, σt(x)) < ε.
Then P = {pt}Ni≤||t||F≤M is an ε-F -mesh from C to y and {pt}||t||F=M ∈ Cj .
So, we have now verified that the collection {Ci} witnesses the internal mesh

transitivity of LF (x). �

As internal mesh transitivity is a generalization of internal chain transitivity,
the converse of this theorem is not true for all spaces. However, if a set Λ ⊆ X is
internally mesh transitive, we can construct certain well behaved pseudo-orbits.

First, we note the following geometric property of Zd.

Lemma 20. For each F , there exists D ∈ N such that for p, q ∈ Zd and K ∈ N
such that ||p||F < K < ||q||F and |p − q| = 1, there exists t ∈ Zd with ||t||F = K
and |p− t| < D and |q − t| < D.

Proof. Let us consider Zd as a subset of Rd. Let K ∈ N. The set ∆K = {x ∈
Rd| ||x||F = K} is a piecewise union of finitely many hyperplanes. In particular,
it is easy to see that there exists a number D0 ∈ N such that for all x ∈ ∆K ,
BD0

(x) ∩ {t ∈ Zd | ||t||F = K} 6= ∅ where BD0
is the ball of radius with the

standard Euclidean metric on Rd. Let D ∈ N such that y ∈ BD0+1(x) (with the
Euclidean metric) implies that |x− y| < D.

Now, let p, q ∈ Zd satisfy the hypotheses of the lemma. Let t0 be the unique
point on ∆K which is on the line segment from p to q. By the above, there is
exists t ∈ Zd with ||t||F = K such that t ∈ BD0

(t0). By the triangle inequality,
t ∈ BD0+1(p) and t ∈ BD0+1(q). By choice of D, |p− t| < D and |q − t| < D. �

As mentioned earlier, a pivotal property of ε-chains is that ε-chains which share
an endpoint can be concatenated into a longer ε-chain. We will need a similar
result for meshes, but the geometry of the required overlap is more complicated.
The following Lemma allows for the necessary concatenation.

Lemma 21. For ε > 0 there exists ξ > 0 such that if K > M and P = {pt}M≤||t||F≤K
is a ξ-F -mesh and Q = {qt}L≤||t||F is a ξ/2-F -pseudo-orbit with L ≤ Ksuch that
the pt = qt when ||t||F = K, then R = {rt}M≤||t||F given by

rt =

{
pt ||t||F ≤ K
qt otherwise

is an ε-F -pseudo-orbit.

Proof. Let ε > 0.
Let D ∈ N as given by the previous Lemma. Let ε0 = ε and by uniform con-

tinuity, for 1 ≤ i ≤ a, choose εi > 0 such that εi < εi−1/2 and if ρ(p, q) < εi
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Q

P

Figure 5. Schematic for construction of R with F = {(1, 0), (0, 1)}−.

then ρ(σs(p), σs(q) < εi−1/2 for all s ∈ Zd with |s| ≤ 1. We will now check that
ξ = εD+1 satisfies the hypotheses of the lemma.

Let K > M , P = {pt}M≤||t||F≤K be a ξ-F -mesh and Q = {qt}K≤||t||F be a
ξ/2-F -pseudo-orbit. Let R = {rt} be the collection defined above. We will now
verify that R is an ε-F -pseudo-orbit.

Since ξ and ξ/2 are less than ε, we need only check that ρ(σs−t(rt), rs) < ε when
||t||F < M but ||s||F > M and |s− t| = 1. By the previous lemma, let t0 ∈ Zd such
that ||t0||F = K and both |s− t0| and |t− t0| are less than D. By choice of εD and
the triangle inequality, ρ(σs−t0(qt0), qs) < ε/2 and that ρ(σt−t0(qt0), pt) < ε1/2.
And thus, by choice of ε1, ρ(σs−t(rt), rs) < ε as required. �

Definition 22. The limit set of an F -pseudo-orbit P = {pt}K≤||t||F is the set:

LF (P ) = {y ∈ X|∀M ∈ N, ε > 0 ∃t ∈ Zdsuch that||t||F > Mand ρ(y, pt) < ε}.

Theorem 23. If Λ ⊆ X is IMT-F and closed, then for all ε> 0 there exists an
asymptotic ε-F -pseudo-orbit P in Λ such that LF (P ) = Λ.

Proof. Let Λ ⊆ X be a closed set which is IMT-F . Since Λ is compact, for all
n ∈ N, let {xni }1≤i≤kn ⊆ Λ such that Λ ⊆

⋃
1≤i≤kn B2−n(xni ). For j ∈ N, there is a

unique l ∈ N and 1 ≤ i ≤ kl such that j = i+
∑l
n=0 kn. Define xj = xl+1

i .
For N ∈ N let CN be the collections of F -bands witnessing that Λ is IMT-F .

Let ε > 0 and choose ξ > 0 for ε as in Lemma 21. Choose C0 ∈ CNξ and let P0 =

{p0t}K0≤||t||F≤K1
be a ξ-F -mesh from C0 to x1 with C1 = {p0t}||t||F=K1

∈ CNξ/2 .
Let n ∈ N and assume Cn−1 ∈ CNξ/2n−1 and Kn−1 have been defined. Let

Pn−1 = {pn−1t }Kn−1≤||t||F≤Kn be a ξ/2n−1-F -mesh from Cn−1 to xn with Cn =

{pn−1t }||t||F = Kn ∈ CNξ/2n .

Now, define P = {pt}K0≤||t||F as follows. Observe that for all t such that ||t||F ≥
K0, there exists a unique n ∈ N such that Kn ≤ ||t||F < Kn+1. Define pt = pnt .

Observe that by Lemma 21, this is in fact an ε-F -pseudo-orbit. We will now
demonstrate that it is an asymptotic F -pseudo-orbit. For all ε′ > 0 let 0 < ξ′ < ε′

as required by Lemma 21, and notice that there exists n ∈ N such that ξ/2n < ξ′.
Then, by construction {pt}t∈TKn is a ε′ pseudo-orbit. Thus P is an asymptotic
pseudo-orbit as claimed.

Furthermore, since Λ is closed and P is an F -pseudo-orbit in Λ, LF (P ) ⊆ Λ.
And finally, let z ∈ Λ. Let γ > 0 and M ∈ N. Fix j ∈ N such that ξ/2j+1 < γ and
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observe that for all i >
∑j
n=0 kn there exists l > i such that ρ(xl, z) < ξ/2j+1 < γ.

In particular, take i = max{1 +
∑j
n=0 kn,M}. Notice that Kl ≥M and that xl is

within ξ/2j of an element of the CKl . Thus z ∈ LF (P ). �

In the study of Zd actions, the notion of shadowing pseudo-orbits is particularly
important.

Definition 24. For x ∈ X and P = {pt}M≤||t||F , we say that x ε-F -shadows P
if for all ||t||F ≥M , ρ(σt(x), pt) < ε.

We say that X has F -shadowing if for all ε > 0 there exists δ > 0 such that
each δ-F -pseudo-orbit is ε-F -shadowed by some x ∈ X.

Another notion that we make extensive use of is limit shadowing, as a general-
ization of the property of the same name from [4].

Definition 25. For x ∈ X and P = {pt}M≤||t||F , we say that x limit F -shadows
P if for all δ > 0 there exists K > M such that x δ-F -shadows P ′ = {pt}K≤||t||F .

We say that X has limit F -shadowing if for all ε > 0 there exists δ > 0 such
that each asymptotic δ-F -pseudo-orbit is limit shadowed by some x ∈ X.

Theorem 26. If X has limit F -shadowing, then a closed Λ ⊆ X is IMT-F if and
only if Λ = LF (x) for some x ∈ X.

Proof. Let x ∈ X. By Lemma 5, LF (x) is closed. By Theorem 19, LF (x) is IMT-F .
Now, let Λ be a closed set which is IMT-F . By Theorem 23, for all ε > 0 we can

construct an asymptotic ε-F -pseudo-orbit P = {pt}M≤||t||F in Λ such that LF (P ) =
Λ. Since X has limit shadowing, there exists x ∈ X such that ρ(σt(x), pt) < ε for
all ||t||F ≥ M and for all ξ > 0 there exists K > M such that ρ(σt(x), pt) < ξ for
all ||t||F ≥ K.

We now argue that LF (P ) = LF (x). Let z ∈ LF (x). Let ε > 0 and M ∈ N. Let
K > M such that ρ(σt(x), pt) < ε/2 for all ||t||F ≥ K by above. Choose t ∈ Zd
such that ||t||F > K and ρ(σt(x), z) < ε/2, Then ρ(z, pt) < ε, and z ∈ LF (P ), so
LF (x) ⊆ LF (P ). A similar argument verifies that LF (P ) ⊆ LF (x), and so the sets
are equal. Thus, Λ = LF (x) as required. �

4. Results for Shift Spaces

We now turn our attention to the class of shift spaces. Recall that we use Σ to

denote a finite alphabet and the full shift ΣZd is the space of functions p : Zd → Σ.
A shift space is a closed σ-invariant subspace of the full shift. A shift of finite
type is a shift space which is the complement of the union of all shifts of finitely
many basic open sets, see [10, 12]. Shifts of finite type have been extensively studied
in dimension one as well as in higher dimensions, [10].

Theorem 27. Let Σ be a finite alphabet and d ∈ N. Then for all F , ΣZd has limit
F -shadowing.

Proof. Let P = {pt}M≤||t||F be an asymptotic F -pseudo-orbit in ΣZd . Fix α ∈ Σ.

Define x ∈ ΣZd by xt = (pt)0 (where 0 denotes the origin in Zd) if ||t||F ≥ M and
xt = α otherwise. It is simple to verify that x limit shadows P . �

Using an identical proof, we have the following.
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Corollary 28. Let Σ be a finite alphabet and d ∈ N. Then for all F , ΣZd has
F -shadowing.

Theorem 29. A closed subset Λ of ΣZd is IMT-F if and only if Λ = LF (x) for

some x ∈ ΣZd .

Proof. By Theorems 26, 19 and 27, this result is immediate. �

As previously mentioned, when d = 1, it has been shown that shifts of finite
type also have limit shadowing, and hence the characterization of limit sets in the
above sense. For d > 1, the situation is less clear.

The obstruction to generalizing this result for dimensions greater than one is
the inherent difficulty of ‘completing’ an asymptotic pseudo-orbit in the way that

Theorem 27 does for ΣZd . It is often difficult to tell whether such a completion exists
in a given subshift and in fact, it is the case that certain asymptotic pseudo-orbits
are not completable in this sense.

For example, let Σ = {0, 1} and d = 2. Consider the shift of finite type X
generated by forbidding patterns of the form

1 a 1
b c d
1 e 1

where a, b, c, d, e ∈ {0, 1}. Now, let � be the element of X defined by

�t =

{
1 t = (n, n) for some n ∈ Z
0 otherwise

and � the element of X defined by

�t =

{
1 t = (n,−n) for some n ∈ Z
0 otherwise

Let O be the element of X which has zero as each of its coordinates.
Now, consider F = {t ∈ Dd | |t| = 1}. Then the collection P = {pt}1≤||t||F given

by

p(x,y) =


σ(0,y−x)(�) xy > 0 and y ≥ x
σ(x−y,0)(�) xy > 0 and y ≤ x
σ(0,y+x)(�) xy < 0 and y ≥ −x
σ(−y−x,0)(�) xy < 0 and y ≤ −x

O xy = 0

is an asymptotic F -pseudo-orbit.

However, for 1 > ε > 0, a point x ∈ ΣZd that ε-shadows P must agree with
the central symbols of P as in Figure 6. In particular, x has as its initial square a
pattern forbidden in X, specifically a 3 by 3 pattern whose corners are ones.

It should be noted that while P is not shadowed in X, we have not ruled out
the possibility that X has limit F -shadowing. Indeed, the F -pseudo-orbit P ′ =
{pt}2≤||t||F is shadowed by a point in X as seen in Figure 7.

For F as chosen above, the question of completing the pseudo-orbit is a finite,
and hence decidable question. For choices of F for which F -bands are infinite, the
question is not finite and is related to tiling problems. The question on whether a
given shift of finite type has limit F -shadowing for a particular F certainly bears
further inquiry.

However, we can still say something in these cases.
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Figure 6. Central symbols for the pseudo-orbit P .

Definition 30. For ε > 0 and a set X, an ε-F -mesh P = {pt}K≤||t||F≤M is
compatible with X provided that there is a collection {qt}||t||F≤M in X with qt =
pt for K ≤ ||t||F ≤ M which satisfies ρ(σs(qt), qt+s) < ε when |s| = 1 and ||t||F ≤
||t+ s||F ≤M .

Definition 31. A set Λ ⊆ X is compatibly IMT-F if it is IMT-F and there is a
collection {Cn} that witnesses this has the property that for infinitely many n ∈ N,
there exists C ∈ Cn such that C is compatible with X.

Notice that the compatibility condition in the above definition does not require
that the elements of the extension lie in Λ, and thus this is not a property internal
to Λ. However, we have the following result for a Zd-action on a compact metric
space X.

Lemma 32. For all x ∈ X, LF (x) is compatibly IMT-F .

Proof. In the proof of Lemma 19, fix K > N1. Then C = {xt}||t||F=K is compatible
with X, as witnessed by the collection Q = {qt}||t||F≤K where qt = pt if ||t||F ≥ Ni
and qt = σt(x) otherwise. �

Theorem 33. Let X be a shift of finite type. A closed subset Λ of X is compatibly
IMT-F if and only if Λ = LF (x) for some x ∈ X.

Proof. By the previous Lemma, we need only demonstrate that if Λ is compatibly
IMT-F , it is the F -limit set of some x ∈ X. Let {Ci} be the collection of F -bands
that witness the compatible internal mesh transitivity of Λ.

Since X is a shift of finite type, fix N ∈ N large enough that each forbidden
pattern is smaller than N ×N . Choose ε < 2−N . Choose ξ > 0 for ε as in Lemma
21.

Now, fix C = {ct}||t||F=K ∈ CNξ , and construct an asymptotic F -pseudo-orbit
P = {pt}K≤||t||F in Λ with LF (P ) = Λ as in the proof of Theorem 23.

Let Q = {qt}||t||F≤K be a collection that witnesses the compatibility of C with
X. Now, define R = {rt}t∈Zd given by rt = qt if ||t||F ≤ K and rt = pt if ||t||F ≥ K.
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(a) Central symbols for P ′
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(b) A point x which limit F -shadows P ′

Figure 7

The collection R is an asymptotic ε-F -pseudo-orbit with the additional property
that rt is defined for all t ∈ Zd.

Now, let x ∈ ΣZd be defined by xt = (rt)0 where 0 denotes the origin in Zd. By
our choice of N and Remark 16, we see that x belongs to X. Finally, as in the
proof of Theorem 26, LF (x) = LF (P ) = Λ. Thus, we have constructed x ∈ X with
LF (x) = Λ. �
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