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1 Introduction

I am an applied mathematician specializing in numerical solutions of multi-physics problems via the finite element
method. These multi-physics problems involve solving a coupled system of partial differential equations (PDE)
which admits a natural block structure within the finite element matrix. Even when these individual blocks are
well understood, showing well-posedness and providing finite element error estimates of the coupled system requires
special care. The discretization of multi-physics problems often involves extremely large and ill-conditioned matrices.
As a result, the development of efficient block preconditioners and high performance methods for implementing them
on modern computers is crucial.

My current research tackles each of these issues as they relate to a particular instance of a multi-physics model
for trace gas sensor technology. Key results of my work have been

• Theorem : The variational multi-physics problem is continuous and coercive.

• Theorem : The finite element method admits optimal L2 and H1 error estimates.

• The development of a block preconditioner and eigenvalue bounds for the preconditioned operator.

We have relied on a variety of computational tools while building an accurate and efficient numerical solver. For
the construction of the finite element matrices we employ the Python interface to FEniCS [9]. For the sparse linear
algebra operations and Krylov subspace solvers we use Numpy and SciPy [4, 12]. Finally, we rely on the algebraic
multigrid preconditioners from PyAMG [14].

2 Background and Model

Currently, research on trace gas sensors is focused on the development of portable, efficient, and cost-effective sensor
technologies that can be deployed in networks for large scale monitoring of carbon dioxide and atmospheric pollutants,
as well as for non-invasive disease diagnosis using breath analysis [8, 10, 15]. One such trace gas sensor is the Quartz-
Enhanced Photo-Acoustic Spectroscopy (QEPAS) sensor which employs a quartz tuning fork to detect the weak
acoustic pressure waves generated by the interaction of laser radiation with a trace gas [7].

Morse and Ingard show these pressure and temperature waves are modeled by a coupled system of heat and wave
equations [11].
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Figure 1: Schematic diagram of the experimental setup for a QEPAS sensor showing the tuning fork (the U-shaped
bar with two tines), two attached wires, and the laser source focused between the tines of the tuning fork.

Here ℓv and ℓh are characteristic lengths associated with the effects of fluid viscosity and thermal conduction,
respectively, c is sound speed, γ is the ratio of the specific heat of the gas at constant pressure to that at constant
volume, and α =

(
∂P
∂T

)
v
is the rate of change of ambient pressure with respect to ambient temperature at constant

volume. Additionally, a complete sensor model should include interactions with the tuning fork, but the acoustics
themselves are poorly understood.

In [3] we assume S(x, t) = S(x) exp(−iωt) is periodic in time which means the pressure and temperature waves
are as well. Substituting P(x, t) = P (x) exp(−iωt) and T (x, t) = T (x) exp(−iωt) into equations (1a) and (1b) we
obtain the coupled system of Helmholtz-type equations
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− ℓhc∆T = S, (2a)

− γ(ω2 − iℓvcω∆)(P − αT )− c2∆P = 0. (2b)

By scaling (2a) by α2γ2ω
γ−1 , we maximize skewness of the block multi-physics operator which is crucial for showing

coercivity. If we let T = T1 + iT2, P = P1 + iP2 and u = (T1, T2, P1, P2), we have the following bilinear form.
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Theorem 1 For all positive constants c, ℓh, ℓv, α, γ and ω such that γ > 1, the rescaled bilinear form (3) is continuous
with constant
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Thanks to our scaling of (2a), all cross terms cancel out in the coercivity proof.

Theorem 2 Suppose ℓv(γ−1)
2γℓh

< 2. Then for all positive constants c, ℓh, ℓv, α, γ and ω such that γ > 1 and
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the rescaled bilinear form is coercive (3) with constant C = min
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For all considered choices of physical parameters modelling real world problems, the condition ℓv(γ−1)
2γℓh

< 2 is easily
satisfied.

We use the Lax-Milgram lemma, Cea’s lemma and the Aubin-Nitsche duality argument to get

Theorem 3 H1 error estimates are immediately found by Cea’s Lemma in terms of the continuity and coercivity
constants while L2 estimates come from a standard duality argument.

3 Numerical Linear Algebra

In terms of the standard P 1 finite element stiffness and mass matrices K and M , respectively, the discrete operator
associated with (3) is of the form

Ah =


a1K a2M 0 −a3M
−a2M a1K a3M 0
−a4K −a3M a5K a6M − a7K
a3M −a4K a7K − a6M a5K

. (4)

In [2] we show that classical preconditioning techniques for (4), such as ILU, Jacobi and Gauss-Seidel, fail to
provide efficient GMRES convergence with respect to iteration counts.

N GMRES ILU(3) Block Jacobi Block Gauss-Seidel

32 1156 12 269 141
64 4320 14 291 154
128 10000+ 44 257 143
256 235 245 134
512 429 231 127

Table 1: Iteration counts for the unpreconditioned GMRES method and GMRES coupled with the block Jacobi,
block Gauss Seidel and Incomplete LU factorization preconditioners using realistic physical data.

As a result, we look to develop a block-preconditioner by ignoring the relatively small coupling terms in the
model.

P =


0 a2M 0 −a3M

−a2M 0 a3M 0
0 −a3M 0 a6M − a7K

a3M 0 a7K − a6M 0

 . (5)

Implementing the preconditioner efficiently is just as important as determining an accurate preconditioner. With
our choice of P , we can perform block row operations to reduce the application of P−1 to simply solving the Helmholtz
sub-systems.

In Figure 2 we see that GMRES now converges in approximately 10 iterations, or fewer, for the same values of N
as in Table 1. To help explain why this preconditioner performs so well, we present an eigenvalue clustering result.

Theorem 4 All eigenvalues λ of P−1Ah satisfy |λ− 1| ≤ Ch−2, where we have proven C = O(10−10).

This mesh dependent bound is not typical. Still, the dominant skew-symmetric structure of the preconditioner
means this mesh dependent growth is almost entirely in the imaginary axis, and not towards to origin, as shown in
Figure 3.

The major bottleneck in our preconditioner is the inversion of the indefinite Helmholtz blocks, H = K − κ2M ,
at each outer GMRES iteration [6]. Currently, a complex-shifted Laplacian of the form

PH = K − (1 + 0.5i)κ2M (6)

coupled with algebraic multigrid appears to be the best option for handling Helmholtz [5].
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Figure 2: Preconditioned residual norms at the kth GMRES iteration for the 2D problem on various N ×N meshes.
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Figure 3: A display of the 100 largest eigenvalues (in magnitude), of the preconditioned operator, P−1Ah, for N = 32
on the left and N = 256 on the right. The smallest eigenvalues are clustered around (1, 0).

4 Future Work

As a postdoc, I intend to continue my work on building accurate and efficient numerical solvers for our multi-physics
model of trace gas sensor technology. Ideas for future work on this problem include

1. Elasticity Model : To this point, all of our work has been on the pressure-temperature equations in free
space while ignoring the effects of the tuning fork on the resulting waves. To build a complete model of trace
gas sensors, we must incorporate the elasticity effects of the tuning fork boundary layer. Elasticity is very
well understood and through my work we now have a far better understanding of the pressure-temperature
equations. Still, we will look to re-examine the well-posedness and error estimates of the complete model.
While it will likely depend on our current P , developing a new block preconditioner will also be required. Since
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the pressure-temperature equations are defined in free space while the elasticity model is defined on the tuning
fork itself, this model also offers the opportunity for new research in coupled domain methods.

2. Design Optimization : A primary goal of future research is to formulate and solve a PDE-constrained opti-
mization problem with respect to the dimensions of the quartz tuning fork. Since the accuracy of the sensor is
dependent on the translation of vibrations to an electric current, our optimization problem is to maximize the
velocity of the tuning fork tines in terms the length, width, height, thickness and gap of tuning fork such that
the original PDE model is still satisfied.

3. Helmholtz Problem : Our preconditioner performs extremely well with respect to outer GMRES iterations.
While we don’t require many iterations, each one can be costly on fine meshes as a result of the inner Helmholtz
solves. One reason for this is that the spectrum of discrete Helmholtz operator approaches zero as the wave
number increases. The complex-shifted Laplacian is a big improvement over more classical methods but leaves
plenty of room for increased efficiency. Deflating the most troublesome eigenvalues has shown promise and is
worth exploring for our problem [13].

4. High Performance Computing : We are working with Matthew Knepley to implement our preconditioner
in petsc4py for better parallelization and scalability [1].

As a numerical analyst, I have gained significant experience as a user of many numerical tools while gaining a
strong understanding of fundamental programming concepts. Along with continuing my research of multi-physics
models and trace gas sensor technology, I look forward to a postdoc opportunity which may allow for personal growth
as a numerical software developer.
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